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Abstract

A numerical investigation of mixed convection in air due to the interaction between a buoyancy flow and the flow induced by a
moving plate in a vertical channel is carried out. An adiabatic plate moves at a constant velocity in the mid-plane of the channel in
the direction of the buoyancy force and the principal walls of the channel are heated at uniform heat flux. The effects of the channel
aspect ratio, Rayleigh and Reynolds numbers are investigated and results in terms of the dimensionless channel wall and moving plate
temperatures are given. Results show that the larger the channel aspect ratio, L=ðb=2Þ, the stronger the effects of the moving plate.
Increasing Reynolds number significantly decreases the dimensionless temperature of the channel walls. A composite correlation between
Nusselt number and Reynolds and Richardson numbers is proposed in the range from natural convection to forced convection up to
Re ¼ 1:32� 104 and 9:86� 10�6

6 Ri 6 1:15� 103, for the channel aspect ratio in the [20.3–81.2] range.
� 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Mixed convection due to moving surfaces is very impor-
tant in a wide variety of materials processing systems, such
as soldering, welding, extrusion of plastics and other poly-
meric materials, hot rolling, cooling and/or drying of paper
and textiles, chemical vapor deposition (CVD), composite
materials manufacturing, as reviewed in [1].

The larger part of research activity on mixed convection
with continuously moving vertical surfaces in a quiescent
fluid has been developed for a single moving plate, as
recently shown in [1,2]. It is recognized that the first studies
on a continuously moving sheet were carried out analyti-
cally by Sakiadis [3,4]. Detailed theoretical and experimen-
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tal investigations on the corresponding heat transfer
problem were accomplished in [5,6].

The buoyancy force can significantly affect the fluid flow
along a vertical moving surface and the first studies on this
topic were reported in [6]. This investigation confirmed that
flow field and heat transfer from the surface significantly
depended on thermal buoyancy force, particularly for low
moving surface velocities and large temperature differences
between the surface and the ambient fluid.

A boundary layer analysis for laminar mixed convection
on an isothermal vertical moving surface in assisting or
opposing free stream was carried out in [7]. Correlations
of heat transfer rate for a very large range of Prandtl num-
ber ð10�2–104Þ were presented in all mixed convection
domain. Laminar mixed convection in boundary layers
adjacent to a vertical, continuously stretching, sheet was
analyzed in [8]. Results for the local Nusselt number, the
local friction coefficient and temperature profiles were pre-
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Nomenclature

a thermal diffusivity, m2/s
b channel spacing, m
g acceleration due to the gravity, m/s2

Gr Grashof number, Eq. (1)
h average convective coefficient, W/m2 K
k kinetic energy of turbulence, m2/s2

kf fluid thermal conductivity, W/m K
L heated plate length, m
Nu Nusselt number, Eq. (2)
Pr Prandtl number, Eq. (1)
q heat flux, W/m2

Ra Rayleigh number, Eq. (1)
Re Reynolds number, Eq. (1)
Ri Richardson number, Eq. (1)
s heated plate thickness, m
T temperature, K
u axial velocity component, m/s
U dimensionless axial velocity component, Eq. (1)
V b moving plate velocity, m/s
x; y Cartesian coordinates, m

X dimensionless Cartesian coordinate, Eq. (1)

Greek symbols

b coefficient of thermal expansion, 1/K
e dissipation rate of turbulent kinetic energy, m2/

s3

m kinematic viscosity, m2/s
h dimensionless temperature, Eq. (1)

Subscripts
0 ambient
b belt (moving plate)
c convective
f fluid
fc forced convection
nc natural convection
p heated plate
w wall
x; y along x or y, respectively
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sented. A numerical study of the flow and heat transfer on
a continuously stretching surface cooled by a mixed con-
vection flow was carried out in [9]. The effect of buoyancy
forces on the flow and heat transfer over a moving heated
vertical or inclined surface in an ambient fluid was studied
in [10]. The surface moved at a non-uniform velocity and
both the constant wall temperature and constant heat flux
conditions were considered.

The steady laminar mixed flow and the heat convection
on a continuously moving vertical extruded sheet close to
and far downstream of the extrusion slot were investigated
in [2]. The velocity and temperature variations, obtained by
a finite volume method, were used to map out the entire
forced, mixed and natural convection regimes.

Mixed convection as a result of buoyancy and motion of
one of the channel walls has received little research atten-
tion and few guidelines are available for choosing the best
performing channel configuration. A study on this topic is
presented in [11], where the conjugate mixed convection
and conduction heat transfer due to a continuous moving
plate in a parallel channel flow was numerically investi-
gated. Results showed that the effect of thermal buoyancy
was stronger when the plate moved vertically than when it
moved horizontally. The plate velocity affected the overall
heat transfer significantly.

It seems that in the open literature there is a lack of
information on mixed convection in parallel plate channels
with a continuous moving plate in spite of its importance in
heat treatment processes.

In the present study a numerical investigation of mixed
convection in air due to the interaction between the buoy-
ancy flow and the forced flow induced by a moving plate
placed in the mid-plane of a vertical channel is carried
out. The moving plate is adiabatic and it moves at a con-
stant velocity in the buoyancy force direction whereas the
principal walls of the channel are heated at a uniform heat
flux. The problem is numerically solved by means of a finite
volume method, using the Fluent code by employing the
RNG k–e model for turbulence with enhanced wall treat-
ment. The effects of channel aspect ratio, Rayleigh and
Reynolds numbers are investigated and results in terms
of the dimensionless channel wall and moving plate tem-
peratures are given. A composite correlation for Nusselt
number in terms of Reynolds and Richardson numbers is
proposed in the range from natural convection to forced
convection up to Re ¼ 1:32� 104 and 9:86� 10�6

6

Ri 6 1:15� 103, for the channel aspect ratio, L=ðb=2Þ, in
the [20.3–81.2] range.

2. Mathematical description and numerical procedure

The investigated system is sketched in Fig. 1a. It consists
of a vertical channel with a moving plate placed in its mid-
plane. The moving plate, in the following also called ‘‘belt”,
moves at a constant velocity in the buoyancy force direc-
tion. Both channel walls are conductive and heated at a
uniform heat flux, qw, and their thickness is s. The moving
plate is adiabatic and it is assumed to be zero in thickness.
The height of the channel is L and its spacing is b. The
working fluid is air. Mixed convective flow in the vertical
channel is assumed to be incompressible. Moreover, the
system is assumed to be wide enough along the third



Table 1
Number of subdivisions of the computational domain for three different
meshes

Line Subdivision law Mesh 1 Mesh 2 Mesh 3

CD Exponential 75 150 300
AE* Uniform 200 400 800
E*F* Uniform 203 406 812
EE* Uniform 10 20 40
DE Uniform 3 6 12

a b

Fig. 1. Sketch of the system: (a) physical domain; (b) computational
domain.

Fig. 2. Comparison between present numerical average Nusselt numbers
with correlations given in [14,15], for V b ¼ 0 m=s.
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coordinate to allow a 2D approximation. All thermophys-
ical properties of the fluid are assumed to be constant,
except for the dependence of density on the temperature
(Boussinesq approximation). The thermophysical proper-
ties of the fluid are evaluated at the ambient temperature,
T 0, which is assumed to be 300 K in all cases.

The governing equations for the fluid region in steady
state and turbulent regime are time-averaged mass,
Navier–Stokes and energy equations [12]. A two-dimen-
sional conduction model in the heated walls is employed
whereas the transport equations for k and e are formulated
using the RNG k–e model.

The dimensionless parameters used in the paper are

X ¼ x
b=2

; U ¼ u
V b

; h ¼ T � T 0

qwðb=2Þ=kf

; Re

¼ V bb=2

m
; Grc ¼

gbqcðb=2Þ4

kfm2
; Grw

¼ gbqwðb=2Þ4

kfm2
; Pr ¼ m

a
; Rac ¼ GrcPr; Raw

¼ GrwPr; Ri ¼ Grc=Re2 ð1Þ

where qc is the average convective heat flux, that is the dif-
ference between the imposed wall heat flux and the conduc-
tive heat flux in the walls.

The average Nusselt number is defined as

Nu ¼ hðb=2Þ
kf

¼ qc

T w;p � T 0

b=2

kf

ð2Þ

where T w;p is the average heated plate temperature.
An enlarged computational domain has been chosen. It

is made up of the vertical channel and of two reservoirs of
height Lx and width 2Ly , downstream and upstream of it,
that simulate the free-stream conditions of the flow far
away the region thermally disturbed by the heated channel
walls. The moving plate extends from the lower to the
upper reservoir and its height is Lb ¼ Lþ 2Lx. Thanks to
thermofluidynamic and geometrical symmetries, in solving
the problem reference was made to half the domain, as
shown in Fig. 1b. The imposed boundary conditions are:

� uniform heat flux and no-slip condition on the channel
plate EF;
� adiabatic wall and U ¼ 1 on the moving plate;
� continuity of the heat flux on the surfaces DE, EF, FG;
� adiabatic wall and no-slip condition on the other solid

walls;
� pressure inlet or pressure outlet conditions on the open-

boundaries.

The commercial Fluent CFD code was employed to
solve the governing equations. The SIMPLE scheme was
chosen to couple pressure and velocity. The converging cri-
teria were 10�5 for the residuals of the velocity components
and 10�6 for the residuals of the energy.

Preliminary results showed that the chosen turbulent
model (RNG k–e) was suitable also for laminar flow.
Moreover, the RNG k–e was chosen because it provides
an analytically-derived differential formula for effective vis-
cosity that accounts for low-Reynolds-number effects. The
enhanced wall treatment approach was employed since it is
the most adequate when low-Reynolds-number affects the
whole flow domain and for buoyancy-driven flows [13].
Several preliminary tests were carried out to take into
appropriate account the effects of turbulence parameters,
k and e, at the inlet. Assuming that the fluid comes from
a quiescent zone, the distributions of k and e were taken
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as uniform and equal to 10�6. Moreover, the static pressure
upstream and downstream of the channel is set equal to the
ambient pressure far away the region of the thermal distur-
bance induced by the heated channel walls.

As suggested in [13], in order to satisfy the enhanced
wall function treatment, different grid sizes were employed
for the analysis of the grid independence of the numerical
solution. The domain discretization was performed on such
a way as to get enough nodes in the channel, where the
highest temperature gradients were expected. Moreover,
grid independence analysis of turbulent flow simulations
is affected by an extra parameter yþ, which is not known
a priori. Then numerical experiments are required to reach
at the right grid size. A different subdivision along the sides
indicated in Fig. 1b was employed. Moreover, a different
discretization law was used in the channel region and reser-
voir regions, as reported in Table 1. A uniform grid was
employed along the sides AE*, E*F*, EE* and DE, whereas
along CD an exponential law was used. In this case the
subinterval length decreased toward the moving plate. Pre-
liminary tests were carried out to evaluate the dependence
of the solution on the employed grid. The number of sub-
divisions for the three meshes employed during the tests is
reported in Table 1. A comparison between the average
Nusselt number along the heated plate was obtained for
Re ¼ 0, Ra ¼ 1:31� 102 and L=ðb=2Þ ¼ 40:6. The average
Fig. 3. Dimensionless heated wall temperature vs axial coordinate for natur
L=ðb=2Þ ¼ 81:2; (b) Raw ¼ 5:77� 102 and L=ðb=2Þ ¼ 81:2; (c) Raw ¼ 4:03� 10
Nusselt number was 0.673 for Mesh 1, 0.629 for Mesh 2
and 0.611 for Mesh 3. The difference between the values
of the average Nusselt number for Mesh 2 and Mesh 3
was about 3%. Mesh 2 was used to obtain the results pre-
sented in this analysis because it ensured a good compro-
mise between computational time and accuracy.

A similar analysis has been carried out to set the optimal
reservoirs dimensions, Lx and 2Ly . A common value, equal
to 0.400 m, was chosen for Lx and Ly dimensions.

A comparison between the present numerical average
Nusselt number values and correlations given in [14,15],
for V b ¼ 0 m=s, is shown in Fig. 2. The correlations are,
respectively:

Nu ¼ 0:81� Rac

b
2L

� �� �0:20

ð3Þ

for large values of Rayleigh number ðRacðb=2LÞ >
2:0� 103Þ and

Nu ¼ 0:288� Rac

b
2L

� �� �0:50

ð4Þ

for small values of Rayleigh number, i.e. the fully devel-
oped flow.

There is good agreement between numerical data and
the two correlations.
al convection and different Reynolds numbers: (a) Raw ¼ 1:57� 102 and
4 and L=ðb=2Þ ¼ 20:3; (d) Raw ¼ 1:48� 105 and L=ðb=2Þ ¼ 20:3.
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3. Results and discussion

In the following numerical results are presented for
Pr ¼ 0:71 (air), for a channel aspect ratio L/(b/2) = 20.3,
24.6, 40.6 and 81.2 and a Rayleigh number value based
on the wall heat flux Raw in the range ½1:57� 102–
1:48� 105�. Computations have been made for natural con-
vection and a Reynolds number value in the range
½3:29–1:32� 104�. The dimensionless heated plate thickness
is s/(b/2) = 0.16, 0.19, 0.32 and 0.64.

The dimensionless temperature of the channel walls as a
function of the dimensionless axial coordinate X, for the
configuration with motionless belt and different values of
Reynolds and Rayleigh numbers based on the wall heat
flux, is presented in Fig. 3, for L=ðb=2Þ ¼ 81:2 and
L=ðb=2Þ ¼ 20:3.

Fig. 3a shows that when the belt is motionless, that is only
natural convection occurs, the dimensionless wall tempera-
ture at the channel inlet section ðX ¼ 0Þ is not equal to zero
because of the fluid preheating in the lower reservoir. In the
channel the dimensionless wall temperature increases
almost linearly since the flow is nearly fully developed for
L=ðb=2Þ ¼ 81:2 and Raw ¼ 1:57� 102. Due to the edge
effects the maximum wall temperature shifts inside the chan-
nel and it is attained at a section close to the channel outlet.
When the adiabatic plate moves, the heated walls tempera-
a b

c

Fig. 4. Dimensionless belt temperature vs axial coordinate for natural c
L=ðb=2Þ ¼ 81:2; (b) Raw ¼ 5:77� 102 and L=ðb=2Þ ¼ 81:2; (c) Raw ¼ 4:03� 10
ture decreases, the higher the Reynolds number the stronger
the wall temperature decrease, and the section where the
maximum temperature is attained shifts towards the outlet
section. For Re ¼ 164 and Re ¼ 329, the dimensionless wall
temperature increase from the entrance to the exit of the
channel is far smaller than at lower Reynolds numbers.

Fig. 3b shows that, increasing the Rayleigh number, all
other quantities being the same, the dimensionless wall
temperature increases. The flow is slightly less developed
than in the previous case ðRaw ¼ 1:57� 102Þ because of
the larger Rayleigh number and the consequent decrease
in the boundary layer thickness. The sections where the
maximum wall temperature is attained are practically the
same as in the previous case. In Fig. 3a, one can notice a
decrease in the dimensionless wall temperature slope start-
ing from X ¼ 5:0 when the Reynolds number is equal to
164 and 329, because of the interaction between the forced
flow induced by the moving plate and the boundary layer
adjacent to the channel walls. Fig. 3b points out that Ray-
leigh number value shifts this starting point to X � 8:0
since the boundary layer adjacent to the channel wall is
thinner. So, comparing the dimensionless wall temperature
profiles for the two analyzed Rayleigh number values, one
can remark that the flow field is less developed for the lar-
ger Reynolds number values. In fact, these profiles show a
different slope at the channel inlet section.
d

onvection and different Reynolds numbers: (a) Raw ¼ 1:57� 102 and
4 and L=ðb=2Þ ¼ 20:3; (d) Raw ¼ 1:48� 105 and L=ðb=2Þ ¼ 20:3.
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Fig. 5. Comparison among all numerical data in terms of Nu=Re0:68 as a
function of Richardson number and: (a) the two correlations in dominated
forced and natural convection regimes; (b) the composite correlation (7).
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Fig. 3c and d shows that, decreasing the channel aspect
ratio L=ðb=2Þ, the dimensionless wall temperature decreases
and a less developed flow is exhibited. In comparison with
the configuration with a larger aspect ratio, the slope of all
temperature profiles is lower for natural convection,
Re ¼ 13:2 and Re ¼ 132, whereas it is larger for Re ¼ 658
and Re ¼ 1:32� 103.

The dimensionless temperature of the moving adiabatic
plate, as a function of the axial coordinate X, for different
values of the Reynolds and Rayleigh numbers and for a
channel aspect ratio equal to 81.2 and 20.3 is reported in
Fig. 4. Fig. 4a and b shows that in natural convection
the thermal disturbance induced by the channel plate does
not affect significantly the dimensionless belt temperature
upstream of the heated channel inlet, also for
L=ðb=2Þ ¼ 81:2. Moreover, the dimensionless belt tempera-
ture slope is almost constant up to the channel outlet sec-
tion for both the analyzed Rayleigh number values and
for all Reynolds number values. The maximum belt tem-
perature is attained very close to the channel outlet section.
Fig. 4b points out that dimensionless temperature profiles
are steeper than in Fig. 4a and that the section where the
maximum belt temperature is attained shifts toward the
end of the channel. When the adiabatic belt is moving,
the fluid heated by the channel walls is dragged in the lon-
gitudinal direction due to both belt motion and natural
convection. The aforementioned fluid drag, for the same
Rayleigh number and for larger Reynolds numbers, shifts
the maximum belt temperature towards a larger X value,
at both investigated channel aspect ratios. For Re ¼ 329
and for the two analyzed Raw values, the location at which
the maximum belt temperature is attained shifts down-
stream of the channel outlet section, as observed in
Fig. 4a and b.

Fig. 4c and d points out that decreasing the channel
aspect ratio the section where the maximum belt tempera-
ture is attained shifts significantly up, for all Re values.
Moreover, at the same Raw value, the maximum belt tem-
perature in mixed convection is attained in a farther down-
stream section than in natural convection. It is worth
noticing in Fig. 4c and d that the belt heating starts down-
stream of the channel inlet section due to the smaller chan-
nel aspect ratio and, consequently, to the larger distance
between the heated channel walls and the adiabatic plate.
This effect is stronger at the larger analyzed Rayleigh num-
ber because of the thinner thermal boundary layer adjacent
to the heated channel walls. The belt temperatures for
Re ¼ 1:32� 103 are higher than those for Re ¼ 658 up to
X ¼ 30, particularly for L=ðb=2Þ ¼ 20:3 and Raw ¼
1:48� 105, because of the stronger drag by the moving
plate for Re ¼ 1:32� 103, that entrains a larger heated
mass flow rate toward the moving plate.

In the following correlations among Nusselt, Reynolds,
Grashof based on the convective heat flux and Richardson
numbers are presented. The following correlation between
Nu and Re when forced convection is prevailing was found
by means of the least square method:
Nufc ¼ 0:024Re0:68 ð5Þ
with r2 ¼ 0:994, for Ri < 1:0� 10�3, 3:2� 102 < Re <
1:32� 104.

When only natural convection occurs, the following cor-
relation is proposed:

Nunc ¼ 0:082Gr0:34
c ð6Þ

with r2 ¼ 0:978, for 1:0� 102 < Grc < 2:2� 105. All numer-
ical data, in terms of Nu=Re0:68 as a function of Ri, are pre-
sented in Fig. 5a. The Nu=Re0:68 parameter was chosen as
the one that yields a good correlation among data. For the
sake of comparison, the profiles corresponding to the corre-
lations in Eqs. (5) and (6) are also reported in Fig. 5a. The
term Nu=Re0:68 as a function of Richardson number shows
that Nusselt numbers for Ri < 2:0� 10�3 are in good agree-
ment with the correlation (5) and for Ri > 10�1 the Nusselt
numbers are in good agreement with the correlation (6) for
natural convection. All numerical data are correlated, com-
bining Eqs. (5) and (6), by the equation:

Nu

Re0:68
¼ Nunc

Re0:68

� �3:5

þ Nufc

Re0:68

� �3:5
" #ð1=3:5Þ

ð7Þ

with r2 ¼ 0:967, in the range 9:86� 10�6 < Ri <
1:15� 103. The composite correlation and numerical data
are presented in Fig. 5b, that points out a very good agree-
ment between them.
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4. Conclusions

The numerical investigation of mixed convection in air
due to the interaction between a buoyancy flow and a
forced flow induced by an adiabatic moving plate located
in the mid-plane of a vertical channel was carried out.
The moving plate moved at a constant velocity in the buoy-
ancy force direction and the principal walls of the channel
were heated at uniform heat flux.

The numerical analysis showed that for the lowest ana-
lyzed Rayleigh numbers based on the wall heat flux, dimen-
sionless wall temperatures decreased significantly when the
Reynolds number increased. At increasing Reynolds num-
ber the flow field was less developed. For the lowest chan-
nel aspect ratio, L=ðb=2Þ ¼ 20:3, the effect of the moving
plate was not strong even at the larger Reynolds number,
Re ¼ 1:32� 103, and the lower the Rayleigh number the
weaker the effect of the Reynolds number.

The maximum temperature of the moving plate was
attained as far from the channel outlet section as the lower
the channel aspect ratio was. For the lower analyzed chan-
nel aspect ratio, natural convection due to the heated plate
was less influent than the forced flow induced by the mov-
ing plate.

A composite correlation to evaluate the average Nusselt
number in terms of Richardson and Reynolds numbers in
the range 9:86� 10�6

6 Ri 6 1:15� 103, for 20:3 6 L=
ðb=2Þ 6 81:2 from natural convection to forced convection
up to Re ¼ 1:32� 104, was proposed. Numerical data and
the composite correlation were compared and they showed
a very good agreement.
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